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A LOWEST-ORDER COMPOSITE FINITE ELEMENT EXACT
SEQUENCE ON PYRAMIDS
MARK AINSWORTH AND GUOSHENG FU
Abstract. Composite basis functions for pyramidal elements on the spaces
H1(Ω), H(curl,Ω), H(div,Ω) and L2(Ω) are presented. In particular, we con-
struct the lowest-order composite pyramidal elements and show that they re-
spect the de Rham diagram, i.e. we have an exact sequence and satisfy the
commuting property. Moreover, the finite elements are fully compatible with
the standard finite elements for the lowest-order Raviart-Thomas-Ne´de´lec se-
quence on tetrahedral and hexahedral elements. That is to say, the new el-
ements have the same degrees of freedom on the shared interface with the
neighbouring hexahedral or tetrahedra elements, and the basis functions are
conforming in the sense that they maintain the required level of continuity
(full, tangential component, normal component, ...) across the interface. Fur-
thermore, we study the approximation properties of the spaces as an initial
partition consisting of tetrahedra, hexahedra and pyramid elements is succes-
sively subdivided and show that the spaces result in the same (optimal) order
of approximation in terms of the mesh size h as one would obtain using purely
hexahedral or purely tetrahedral partitions.
1. Introduction
A key issue in performing finite element analysis in complex three dimensional
applications is the meshing of the domain Ω. Given a choice, many practitioners
would opt for a mesh consisting entirely of brick, or hexahedral elements. Unfor-
tunately, meshing complicated domains using only hexahedral elements is far from
straightforward. By way of contrast, current mesh generators based on tetrahedral
elements are readily available and are routinely used to mesh even quite complicated
domains in three dimensions.
The relative efficiency with which hexahedral elements can be used to fill space
compared with tetrahedral elements has led to an increasing use [3,29] of tetrahedral-
hexadral-pyramidal (THP) partitions in which hexahedral elements are used on part
of the domain whereas tetrahedral elements are used in sub-domains where the use
of hexahedral elements would pose difficulties. Pyramidal elements are used to
interface between hexahedral and tetrahedral elements.
At first glance, THP partitions would seem to provide the best of both worlds—
at least as far as the issue of meshing goes. Difficulties arise when one turns to the
question of choosing the basis functions for the pyramidal elements. Here, we have
in mind applications including: primal formulations of elasticity, requiring elements
in the space H1(Ω) for which full interelement continuity is needed; electromagnet-
ics, requiring vector-valued elements in the space H(curl,Ω) for which only the
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continuity of tangential components is needed; mixed formulations of porous media
flow, using vector-valued elements in the space H(div,Ω) for which only continuity
of normal components is needed, along with scalar valued elements in the space
L2(Ω).
The choice of degrees of freedom and the types of basis function that can be
used in the pyramidal elements is constrained by the requirement for the result-
ing elements to be compatible with neighbouring hexahedral and tetrahedral finite
elements. Indeed, the need for compatibility between hexahedra-pyramids and
between tetrahedra-pyramids dictates the choice of the degree of freedom on the
pyramid. The problems start when one seeks to select a basis for the pyramidal
elements.
Firstly, the basis functions for the hexadral and tetrahedral elements are poly-
nomial on the interfaces. This dictates that the basis functions on the faces of
the pyramids must be polynomials of exactly the same type as those on the neigh-
bouring element. This would be fine were it not for the fact that it is impossi-
ble to achieve this using polynomial basis functions on the pyramidal elements.
While it is quite possible to proceed by using rational basis functions on the pyra-
mids [4–8, 12, 13, 15, 17–19, 26, 27, 32–34], this path gives rise to a new set of issues
relating to computations involving the rational functions and their approximation
properties.
Secondly, the pyramidal basis functions used to discretise the spaces H1(Ω),
H(curl,Ω), H(div,Ω) and L2(Ω) should not be chosen in isolation. For instance, if
finite element discretisation of mixed formulations are to be stable and consistent
then it is necessary for the finite element spaces to be exact and for the associated
de Rham diagram to commute. These terms will be defined more precisely later
but for now it suffices to realise that there are additional constraints beyond that
of simply maintaining compatibility with hexahedral and tetrahedral elements.
An alternative approach avoiding the need for rational basis functions, and one
that is perhaps rather more akin to the spirit of the finite element method itself,
consists of using a composite or macro element basis for the pyramidal elements.
In other words, the basis functions on the individual pyramids are, by analogy with
the finite element method, constructed using piecewise polynomials on a subdivision
of the pyramid. A natural choice consists of subdividing the pyramid into a pair of
tetrahedra [1, 9, 21–23, 35]. Of course, the use of composite element poses its own
challenges.
In the present work we explore the use of composite basis functions for pyrami-
dal elements on the spaces H1(Ω), H(curl,Ω), H(div,Ω) and L2(Ω). In particular,
we construct the lowest-order composite pyramidal elements and show that they
respect the de Rham diagram, i.e. we have an exact sequence and satisfy the com-
muting property. Moreover, the finite elements are fully compatible with the stan-
dard finite elements for the lowest-order Raviart-Thomas-Ne´de´lec sequence [2, 25]
on tetrahedral and hexahedral elements. That is to say, the new elements have the
same degrees of freedom on the shared interface with the neighbouring hexahedral
or tetrahedra elements, and the basis functions are conforming in the sense that
they maintain the required level of continuity (full, tangential component, normal
component, ...) across the interface. Furthermore, we study the approximation
properties of the spaces as an initial THP partition is successively subdivided and
show that the spaces result in the same (optimal) order of approximation in terms of
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the mesh size h as one would obtain using purely hexahedral or purely tetrahedral
partitions. In short, all of the properties one would wish to have of lowest-order
pyramidal elements are shown to hold along with the added bonus that composite
elements are readily handled using standard finite element technology.
The existing literature loc. cit. on composite elements is limited toH1-conforming
finite elements—our finite element and basis functions coincide with that proposed
in [35] for the H1(Ω) case. However, many problems of practical interest are nat-
urally posed over a mixture of the spaces H(curl), H(div) or L2 in addition to
H1(Ω). As such the absence of lowest-order composite H(curl)-, our H(div)-, and
L2-conforming finite elements constitutes a severe limitation for the use of finite
element approximation on THP partitions. The present work fills this gap in the
literature.
The remainder of this article is organized as follows. Section 2 gives a brief
overview of the standard lowest-order spaces on hexahedral and tetrahedral ele-
ments with which we are seeking to maintain compatibility, and contains prelim-
inaries on the pyramidal geometry and polynomial spaces in two dimensions. In
Section 3, we introduce the lowest-order composite finite elements on a pyramid.
In Section 4, we present the lowest-order global finite elements on tetrahedral-
hexahedral-pyramidal (THP) partitions and prove their approximation properties
on a sequence of uniformly refined (non-affine) THP partitions.
2. Review of Lowest Order Hexahedral and Tetrahedral Elements
In this section, we introduce various notations and take the opportunity to briefly
review the lowest order finite elements on hexahedral and tetrahedra with which
we require the new pyramidal elements to be compatible.
2.1. Lowest-order finite elements on a tetrahedron and a hexahedron.
Let us first recall the lowest order finite elements on the reference tetrahedron
T̂ = {(x, y, z) : 0 < x, y, z < 1, x+ y + z < 1}, (1a)
and the reference hexahedron
Ĥ = {(x, y, z) : 0 < x, y, z < 1}. (1b)
The lowest-orderH1-conforming finite elements and the associated (vertex-based)
basis functions on the reference tetrahedron and reference hexahedron are given in
Table 1. Here Pk(T̂ ) stands for the space of polynomials of total degree no greater
than k on the reference tetrahedron, and Qk(Ĥ) stands for the space of tensor-
product polynomials of degree no greater than k in each argument on the reference
hexahedron.
The lowest-order H(curl)-conforming finite elements and the associated (edge-
based) basis functions on the reference tetrahedron and reference hexahedron are
given in Table 2. Here the lowest-order Ne´de´lec spaces of the first kind are given
as follows:
ND0(T̂ ) := P0(T̂ )
3 ⊕ x× P0(T̂ )
3,
ND0(Ĥ) :=
(
P0,1,1(Ĥ),P1,0,1(Ĥ),P1,1,0(Ĥ)
)T
,
4 MARK AINSWORTH AND GUOSHENG FU
element K̂ space S(K̂) # basis
T̂ P1(T̂ ) 4
φ1 = 1− x− y − z,
φ2 = x, φ3 = y, φ4 = z,.
Ĥ Q1(Ĥ) 8
φ1 = (1− x)(1 − y)(1− z), φ2 = x(1 − y)(1− z),
φ3 = xy(1 − z), φ4 = (1 − x)y(1− z),
φ5 = (1 − x)(1 − y)z, φ6 = x(1 − y)z,
φ7 = xyz, φ8 = (1 − x)yz.
Table 1. Lowest order H1-conforming finite elements on the ref-
erence tetrahedron and reference hexahedron.
where Pℓ,m,n(Ĥ) stands for the space of tensor-product polynomials of degree no
greater than ℓ in the first argument, m in the second argument, and n in the third
argument on the reference hexahedron.
element K̂ space E(K̂) # basis
T̂ ND0(T̂ ) 6
ϕ1 = x∇y − y∇x, ϕ2 = z∇x+ z∇y + (1 − x− y)∇z,
ϕ3 = y∇z − z∇y, ϕ4 = (1− y − z)∇x+ x∇y + x∇z,
ϕ5 = z∇x− x∇z, ϕ6 = y∇x+ (1− x− z)∇y + y∇z.
Ĥ ND0(Ĥ) 12
ϕ1 = (1 − y)(1− z)∇x,ϕ2 = (1− y)z∇x,ϕ3 = y(1− z)∇x,
ϕ4 = (1 − z)(1− x)∇y,ϕ5 = (1− z)x∇y,ϕ6 = z(1− x)∇y,
ϕ7 = (1 − x)(1 − y)∇z,ϕ8 = (1− x)y∇z,ϕ9 = x(1 − y)∇z,
ϕ10 = yz∇x,ϕ11 = zx∇y,ϕ12 = xy∇z.
Table 2. Lowest order H(curl)-conforming finite elements on the
reference tetrahedron and reference hexahedron.
The lowest-order H(div)-conforming finite elements and the associated (face-
based) basis functions on the reference tetrahedron and reference hexahedron are
given in Table 3. Here the lowest-order Raviart-Thomas spaces are given as follows:
RT0(T̂ ) := P0(T̂ )
3 ⊕ xP0(T̂ ),
RT0(Ĥ) :=
(
P1,0,0(Ĥ),P0,1,0(Ĥ),P0,0,1(Ĥ)
)T
.
element K̂ space V (K̂) # basis
T̂ RT0(T̂ ) 4
ψ1 = 2(x∇x+ y∇y + z∇z),
ψ2 = 2((x− 1)∇x+ y∇y + z∇z),
ψ3 = 2(x∇x+ (y − 1)∇y + z∇z),
ψ4 = 2(x∇x+ y∇y + (z − 1)∇z).
Ĥ RT0(Ĥ) 6
ψ1 = (x − 1)∇x, ψ2 = x∇x,
ψ3 = (y − 1)∇y, ψ4 = y∇y,
ψ5 = (z − 1)∇z, ψ6 = z∇z.
Table 3. Lowest order H(div)-conforming finite elements on the
reference tetrahedron and reference hexahedron.
The lowest-order L2-conforming finite elements and the associated (cell-based)
basis functions on the reference tetrahedron and reference hexahedron are given in
Table 4.
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element K̂ space W (K̂) # basis
T̂ P0(T̂ ) 1 ψ1 = 6
Ĥ Q0(Ĥ) 1 ψ1 = 1
Table 4. Lowest order L2-conforming finite elements on the ref-
erence tetrahedron and reference hexahedron.
Let ΦK : K̂ → K be a continuously differentiable, invertible and surjective map.
If x̂ denotes a coordinate system on the reference element K̂, then x = ΦK(x̂) is the
corresponding coordinate system on the physical element K. The Jacobian matrix
of the mapping ΦK with respect to the reference coordinates and its determinant
are denoted by
FK(x̂) =
(
∂ΦK,i
∂xˆj
(x̂)
)
1≤i,j≤3
, JK(x̂) = det(FK(x̂)).
Finite elements on a physical element K are defined in terms of a reference element
K̂ via mapping in the usual way [24]:
S(K) := {v ∈ H1(K) : v = v̂ ◦ Φ−1K , ∀ v̂ ∈ S(K̂)}, (2a)
E(K) := {v ∈ H(curl,K) : v = F−TK v̂ ◦ Φ
−1
K , ∀ v̂ ∈ E(K̂)}, (2b)
V (K) := {v ∈ H(div,K) : v = J−1K FK v̂ ◦ Φ
−1
K , ∀ v̂ ∈ V (K̂)}, (2c)
W (K) := {v ∈ L2(K) : v = J−1K v̂ ◦ Φ
−1
K , ∀ v̂ ∈W (K̂)}, (2d)
where K̂ is either the reference tetrahedron T̂ , or the reference hexahedron Ĥ , and
the reference finite elements S(K̂), E(K̂), V (K̂), and W (K̂) are given in Table
1–4. In particular, a basis for the physical element is obtained by applying the
appropriate mapping to the basis defined on the reference element.
2.2. Regular pyramid. Let us now introduce notation on the pyramidal element
that will be used later on. Let K ⊂ R3 be a regular pyramid consisting of five
vertices v1, · · · , v5 ordered as shown in Figure 1, where v1, v2, v3, v4 form a paral-
lelogram. The pyramid is cut into two tetrahedra, T1 and T2, by forming a new
triangular face using the vertices v1, v3, and v5 as shown in Figure 1. The local
vertex ordering of the two tetrahedra is also depicted in Figure 1.
The pyramid consists of five vertices
V(K) = {v1, v2, v3, v4, v5},
eight edges
E(K) = {e12, e14, e15, e23, e25, e34, e35, e45},
where eij = [vi, vj ] is the edge connecting vertices vi and vj , and five faces
F(K) = {f125, f145, f235, f345, f1234},
where fijk = [vi, vj , vk] is a triangular face, and f1234 = [v1, v2, v3, v4] is the base
parallelogram face. Moreover, let Ft(K) ⊂ F(K) denote the set of triangular faces
of K, and Fs(K) ⊂ F(K) denote the set containing the base parallelogram face of
K.
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Figure 1. Left: a regular pyramid cut into two tetrahedra. Right:
local vertex ordering of each tetrahedra.
2.3. Polynomial spaces in two dimensions. Given an element T ⊂ R2, we
us Pp(T ) to denote the space of polynomials with total degree at most p defined
on T . When T ⊂ R2 is the unit square, we use Pp1,p2(T ) to denote the space of
tensor-product polynomials with degree at most p1 in the x-coordinate, and p2 in
the y-coordinate. We also denote Qp(T ) := Pp,p(T ).
The lowest-order Ne´de´lec spaces of the first kind (rotated Raviart-Thomas) on
the reference triangle fˆt and reference square fˆs in R
2 with Cartesian coordinates
(x, y) are given as follows:
NDI0 (ˆft) := P0(ˆft)
2 ⊕ x× P0(ˆft),
NDI0 (ˆfs) := [P0,1(ˆfs), P1,0(ˆfs)]
T .
Here x× v denotes the vector [y v,−x v]T where v is a scalar-valued function. The
lowest-order Ne´de´lec space of the first kind on a physical triangle or quadrilateral
in R3 is defined in terms of the corresponding space on the reference element via
the standard covariant Piola mapping:
ND
I
0(ft) := {(J
†
t )
Tφ ◦ F−1t : φ ∈ ND
I
0 (ˆft)}, (3a)
ND
I
0(fs) := {(J
†
s )
Tφ ◦ F−1s : φ ∈ ND
I
0 (ˆfs), } (3b)
where Ft is the (affine) mapping from the reference triangle fˆt in R
2 to the physical
triangle ft in R
3, Jt ∈ R
3×2 is the Jacobian matrix, and
J†t = (J
T
t Jt)
−1JTt
is the pseudo-inverse. Similarly, Fs is the bilinear mapping from fˆs to fs, and
Js ∈ R
3×2 is the associated Jacobian matrix.
Throughout this paper, we write a  b, when a ≤ C b with a generic constant C
independent of a, b, and the mesh size.
3. Lowest-order composite finite elements on a pyramid
In this section, we present the lowest-order composite finite element family on
a regular pyramid. These finite elements have degrees of freedom compatible with
standard finite elements on tetrahedra and hexahedra. Moreover, the set func-
tions used to define element reduce to those used for tetrahedra and hexahedra
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on the faces. They can be naturally combined with the standard, lowest-order,
Raviart-Thomas-Ne´de´lec finite elements to provide H1-, H(curl)-, H(div)-, and
L2-conforming finite element spaces on a conforming hybrid mesh consisting of
tetrahedra, pyramids, and hexahedra. Commuting diagrams are also respected at
both element level on a single pyramid and globally on a hybrid mesh.
The classic definition of a finite element [11, 14] as a triple is recalled below for
convenience:
Definition 1. A finite element consists of a triple (K,PK ,ΣK) where:
(1) the element domain K ⊂ Rn is a bounded closed set with nonempty
interior and piece-wise smooth boundary,
(2) the space of shape functions PK is a finite-dimensional space of functions
on K,
(3) the set of nodal variables ΣK = {N
K
1 , · · · , N
K
k }, or degrees of free-
dom, forms a basis for P ′K , where P
′
K denotes the dual space of PK.
We shall specify our spaces in terms of the nodal basis {φ1, φ2, · · · , φk} for PK
dual to ΣK (i.e. Ni(φj) = δij).
To begin, recall that the regular pyramid K is split into two tetrahedra T1
and T2 by connecting vertices v1 and v3, as shown in Figure 1. The barycentric
coordinates on each tetrahedron will be used to construct our basis functions. Let
λTℓi (i = 1, 2, 3, 4, ℓ = 1, 2) denote the affine function that vanishes at all vertices
of the tetrahedron Tℓ except the i-th vertex, where it attains value 1. For example,
with vertices ordered as in Figure 1, λT11 is the affine function, which vanishes on
the face f125 and takes the value 1 at the vertex v3.
Next, we present a new, lowest order, finite element sequence on the pyramid
which we view as a composite element formed from the tetrahedra T1 and T2.
We then show that the elements satisfy the exact sequence property and exhibit
explicit interpolation operators which are shown to satisfy the commuting diagram
property.
3.1. The H1-conforming finite element. We present the lowest-orderH1-conforming
composite finite element on a regular pyramid.
Definition 2. The lowest-order composite H1-conforming finite element is is de-
fined by (K,S(K),ΣSK) where
• K is a regular pyramid with parallelogram base,
•
S(K) := {v ∈ H1(K) : v|Tℓ ∈ P2(Tℓ), ℓ = 1, 2, (4)
v|
f
∈ P1(f), ∀f ∈ Ft(K),
v|
f
∈ Q1(f), ∀f ∈ Fs(K).}
• ΣSK = span{N
S
i : i = 1, 2, 3, 4, 5} where
NSi := N
v
i : v −→ v(vi) ∀vi ∈ VK .
are point evaluation functionals at the vertices of K.
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Lemma 1. The triplet (K,S(K),ΣSK) is a finite element of dimension 5. The set
{φSi : i = 1, 2, · · · , 5} is the nodal basis dual to Σ
S
K , where
φS1 =
{
λT12 − λ
T1
1 λ
T1
2 on T1
λT21 − λ
T2
1 λ
T2
2 on T2
, φS2 =
{
λT13 + λ
T1
1 λ
T1
2 on T1
λT21 λ
T2
2 on T2
,
φS3 =
{
λT11 − λ
T1
1 λ
T1
2 on T1
λT22 − λ
T2
1 λ
T2
2 on T2
, φS4 =
{
λT11 λ
T1
2 on T1
λT23 + λ
T2
1 λ
T2
2 on T2
,
φS5 =
{
λT14 on T1
λT24 on T2
,
i.e., NSi (φ
S
j ) = δij .
Proof. First, it is easy to check that each of the above functions φSi belongs to S(K)
and satisfies NSi (φ
S
j ) = δij . Hence,
dimS(K) ≥ dim
(
span{φSi : 1 ≤ i ≤ 5}
)
= 5. (5)
Now, we prove unisolvence of the set of degrees of freedom ΣSK . Let u ∈ S(K) be
such that NSi (u) = 0 for i = 1, 2, · · · , 5. In other words, u vanishes at all vertices
of K. Since the restriction of u to a triangular face is a linear polynomial or to the
quadrilateral face is a bilinear polynomial, we immediately have u|
f
= 0 on all faces
f ∈ F(K). Hence, u|Tℓ ∈ P2(Tℓ), for ℓ = 1, 2, and u vanishes on three faces of Tℓ.
This implies that u = 0. Hence, we have dimS(K) ≤ dimΣSK ≤ 5. Inequality (5)
now shows dimS(K) = 5, and the unisolvence of the set ΣSK follows. 
3.2. The H(curl)-conforming finite element. We present the lowest-orderH(curl)-
conforming composite finite element on a regular pyramid. To simplify notation,
we label the edges as follows:
E1 = e12, E2 = e14, E3 = e15, E4 = e23,
E5 = e25, E6 = e34, E7 = e35, E8 = e45,
and orient the edges so that the the tangential vector ti on Ei point from the lower
vertex number to higher vertex number.
Definition 3. The lowest-order composite H(curl)-conforming finite element is is
defined by (K,E(K),ΣEK) where
• K is a regular pyramid with parallelogram base,
•
E(K) := {v ∈ H(curl,K) : v|Tℓ ∈ P1(Tℓ)
3, ℓ = 1, 2, (6)
n× (v × n)|
f
∈ NDI0(f), ∀ f ∈ F(K)},
where n is the unit outward normal vector on face f.
• ΣEK = span{N
E
i : 1 ≤ i ≤ 8}, where
NEi := N
E
i : v −→
∫
Ei
v · ti ds ∀Ei ∈ EK .
We denote the Whitney edge form on the tetrahedral Tℓ, ℓ = 1, 2, as
ω
Tℓ
ij := λ
Tℓ
i ∇λ
Tℓ
j − λ
Tℓ
j ∇λ
Tℓ
i .
A basis for the space E(K) is given as follows.
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Lemma 2. The triplet (K,E(K),ΣEK) is a finite element of dimension 8. The set
{ϕEi : i = 1, 2, · · · , 8} is the nodal basis dual to Σ
E
K , where
ϕE1 =
{
ωT123 + λ
T1
2 ∇λ
T1
1 on T1
λT21 ∇λ
T2
2 on T2
, ϕE2 =
{
λT12 ∇λ
T1
1 on T1
ωT213 + λ
T2
1 ∇λ
T2
2 on T2
,
ϕE3 =
{
ωT124 on T1
ωT214 on T2
, ϕE4 =
{
ωT131 − λ
T1
1 ∇λ
T1
2 on T1
−λT22 ∇λ
T2
1 on T2
,
ϕE5 =
{
ωT134 on T1
0 on T2
, ϕE6 =
{
λT11 ∇λ
T1
2 on T1
ωT223 + λ
T2
2 ∇λ
T2
1 on T2
,
ϕE7 =
{
ωT114 on T1
ωT224 on T2
, ϕE8 =
{
0 on T1
ωT234 on T2
,
i.e., NEi (ϕ
E
j ) = δij.
Proof. The proof is similar to that for theH1 case. First, we can verify directly from
the definition that each function ϕEi belongs to E(K) and satisfies N
E
i (ϕ
E
j ) = δij .
Hence,
dimE(K) ≥ dim
(
span{ϕEi : 1 ≤ i ≤ 8}
)
= 8.
Next, we prove unisolvence of the set of degrees of freedom ΣEK . Let u ∈ E(K)
be such that NEi (u) = 0 for i = 1, 2, · · · , 8. In other words, the tangential trace of
u vanishes on all edges of K. Since the tangential trace of u on a face belongs to
the lowest-order Ne´de´lec space of the first kind, we immediately have the tangential
traces of u vanishes on all faces of K. Hence, u|Tℓ ∈ P1(Tℓ)
3, for ℓ = 1, 2, and u has
vanishing tangential traces on three faces of Tℓ. This implies that u = 0. Hence,
dimE(K) = 8, and the set ΣEK is unisolvent. 
3.3. The H(div)-conforming finite element. We present the lowest-orderH(div)-
conforming composite finite element on a regular pyramid. To simplify notation,
let faces be labelled such that
F1 = f125, F2 = f145, F3 = f235, F4 = f345, F5 = f1234.
Definition 4. The lowest-order composite H(div)-conforming finite element is de-
fined by (K,V (K),ΣVK) where
• K is a regular pyramid with parallelogram base,
•
V (K) := {v ∈ H(div,K) : v|Tℓ ∈ P0(Tℓ)
3 ⊕ xP0(Tℓ), ℓ = 1, 2, (7)
v · n|
f
∈ P0(f), ∀f ∈ F(K)},
where n is the unit outward normal vector on face f.
• ΣVK = span{N
V
i : 1 ≤ i ≤ 6}, where
NVi := N
F
i : v −→
∫
Fi
v · n ds ∀Fi ∈ FK ,
are the total normal fluxes over each face Fi ∈ FK, and
NV6 := N
C
0 : v −→
∫
T1
∇·v dx−
∫
T2
∇·v dx.
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is a cell-based degrees of freedom.
We denote the Whitney face form on the tetrahedral Tℓ, ℓ = 1, 2 as
χTℓijk := λ
Tℓ
i ∇λ
Tℓ
j ×∇λ
Tℓ
k + λ
Tℓ
j ∇λ
Tℓ
k ×∇λ
Tℓ
i + λ
Tℓ
k ∇λ
Tℓ
i ×∇λ
Tℓ
j .
A basis for the space V (K) is given as follows.
Lemma 3. The triplet (K,V (K),ΣVK) is a finite element of dimension 6. The set
{ψVi : i = 1, 2, · · · , 6} is the nodal basis dual to Σ
V
K , where
ψV1 =
{
2χT1234 − χ
T1
124 on T1
χT2124 on T2
, ψV2 =
{
χT1124 on T1
2χT2143 − χ
T2
124 on T2
,
ψV3 =
{
2χT1143 − χ
T1
124 on T1
χT2124 on T2
, ψV4 =
{
χT1124 on T1
2χT2234 − χ
T2
124 on T2
,
ψV5 =
{
χT1132 on T1
χT2132 on T2
, ψV6 =
{
χT1124 on T1
−χT2124 on T2
,
i.e., NVi (ψ
V
j ) = δij .
Proof. The proof is again similar to the previous two cases, and is therefore omitted.

3.4. The L2-conforming finite element. We present the lowest-orderL2-conforming
composite finite element on a regular pyramid.
Definition 5. The lowest-order composite H(div)-conforming finite element is de-
fined by (K,V (K),ΣVK) where
• K is a regular pyramid with parallelogram base,
•
W (K) := {ψ ∈ L2(K) : ψ|Tℓ ∈ P0(Tℓ), i = 1, 2}. (8)
• ΣWK = span{N
W
i : i = 1, 2}, where
NW1 : v −→
∫
T1
v dx +
∫
T2
v dx,
NW2 : v −→
∫
T1
v dx−
∫
T2
v dx.
The proof of the following result is left as an exercise for the reader.
Lemma 4. The triplet (K,W (K),ΣWK ) is a finite element of dimension 2. The set
{ψWi : i = 1, 2} is the nodal basis dual to Σ
W
K , where
ψW1 =∇·ψ
V
5 =
{ 1
2|T1|
on T1
1
2|T2|
on T2
, ψW2 = ∇·ψ
V
6 =
{ 1
2|T1|
on T1
− 1
2|T2|
on T2
.
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3.5. Exact sequence property. The finite element family defined above is an
exact sequence with a commuting diagram property on a regular pyramid.
Firstly, we define the following set of nodal interpolation operators defined on
the elements in the usual way:
ΠS(v) =
5∑
i=1
NSi (v)φ
S
i , ∀ v ∈ H
r(K),
ΠE(v) =
8∑
i=1
NEi (v)ϕ
E
i , ∀v ∈ H
r−1(curl,K),
ΠV (v) =
6∑
i=1
NVi (v)ψ
V
i , ∀v ∈ H
r−1(div,K),
ΠW (v) =
2∑
i=1
NWi (v)ψ
W
i , ∀ v ∈ L
2(K),
where r > 3/2. By Hr−1(curl,K), we mean the space of all vector-valued functions
in Hr−1(K)3 whose curl is in Hr−1(K)3.
The results are summarized below.
Theorem 6. Let K be a regular pyramid with a parallelogram base. Then,
(a) the following sequence is exact:
R
id
−→ S(K)
∇
−→ E(K)
∇×
−→ V (K)
∇·
−→W (K) −→ 0.
(b) The following diagram commutes:
Hr(K)
∇
−→ Hr−1(curl,K)
∇×
−→ Hr−1(div,K)
∇·
−→ Hr−1(K)
↓ ΠS ↓ ΠE ↓ ΠV ↓ ΠW
S(K)
∇
−→ E(K)
∇×
−→ V (K)
∇·
−→ W (K).
That is,
ΠE∇v = ∇ΠSv, ∀ v ∈ H
r(K),
ΠV∇×v = ∇×ΠEv, ∀v ∈ H
r−1(curl,K),
ΠW∇·v = ∇·ΠV v, ∀v ∈ H
r−1(div,K).
(c) The nodal interpolation operators have the following approximation proper-
ties:
(1) If v ∈ Hs(K) with 3/2 < s ≤ 2, then
‖v −ΠSv‖0  h
s
K‖v‖s, ‖∇(v −ΠSv)‖0  h
s−1
K ‖v‖s.
(2) If v ∈ Hs(curl,K) with 1/2 < s ≤ 1, then
‖v −ΠEv‖0  h
s
K(‖v‖s + ‖∇×v‖s), ‖∇×(v −ΠEv)‖0  h
s
K‖∇×v‖s.
(3) If v ∈ Hs(div,K) with 1/2 < s ≤ 1, then
‖v −ΠV v‖0  h
s
K‖v‖s, ‖∇·(v −ΠV v)‖0  h
s
K‖∇·v‖s.
(4) If v ∈ Hs(K) with 1/2 < s ≤ 1, then
‖v −ΠW v‖0  h
s
K‖v‖s.
Here hK is the diameter of the pyramid K.
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Proof. The exactness of the above sequence in part (a) is a direct consequence of
the exactness of the following sequence on a tetrahedron T :
R
id
−→ P2(T )
∇
−→ P1(T )
3 ∇×−→ P0(T )
3 ⊕ xP0(T )
∇·
−→ P0(T ) −→ 0,
and the trace properties of the corresponding composite spaces.
The proof of commutativity in part (b) follows from integration by parts.
The composite spaces contain (sufficiently rich) polynomial functions on the
whole pyramid; specifically
P1(K) ⊂ S(K), P0(K)
3 ⊕ x× P0(K)
3 ⊂ E(K),
P0(K)
3 ⊕ xP0(K) ⊂ V (K), P0(K) ⊂ W (K).
The approximation estimates in part (c) then follow from a standard scaling argu-
ment and the Bramble-Hilbert Lemma; see, e.g., [24, Chapter 5]. 
Remark 1. Similar approximation properties as Theorem 6(c) hold for the tetra-
hedral and hexahedral cases when the element K is a tetrahedron or a parallelepiped
with the corresponding finite element spaces given in Table 1–4; see [24, Chap-
ter 5,6]. The degrees of freedom on a tetrahedron or a parallelepiped are the
usual nodal evaluations for H1-conforming finite elements, the tangential edge inte-
grals for H(curl)-conforming finite elements, the normal face integrals for H(div)-
conforming finite elements, and the cell integral for L2-conforming finite elements,
and the corresponding nodal interpolators are defined in the usual way.
Remark 2. An extensive analysis on commuting diagrams can be found in Bossavit
[10] for nodal interpolation operators, Cle´me´nt-type quasi-interpolation operators
in Scho¨berl [31], and projection-based interpolatants in Demkowicz & Buffa [16].
4. Lowest-order finite elements on
Tetrahedral-Hexahedral-Pyramidal (THP) partitions
4.1. Composite finite elements on non-affine pyramids. The finite elements
and basis functions constructed above can be used on conforming pyramidal meshes
consisting of regular pyramids with a parallelogram base. However, in practice the
hexahedral elements in the mesh will have faces that are quadrilaterals. Therefore,
we now turn our attention to the case of physical pyramids with a bilinear Be´zier
patch base (which can be attached to a trilinear-mapped hexahedron). We recall
the composite quadratic mapping defined in [1]. A pyramid is uniquely determined
by its five vertices {vi : 1 ≤ i ≤ 5} labeled as in Figure 1. The quadrilateral base is
a non-degenerate bilinear Be´zier patch in R3 given by
{λ1λ2v1 + λ1(1− λ2)v2 + (1 − λ1)(1 − λ2)v3 + (1− λ1)λ2v4 : (λ1, λ2) ∈ [0, 1]
2}.
The pyramid has four straight-sided triangular faces and a (possibly) non-planer
quadrilateral face. Moreover, the pyramid is regular if and only if vP = 0 where
vP := v1 − v2 + v3 − v4.
Let K̂ denote the reference pyramid with vertices at
vˆ1 = (0, 0, 0), vˆ2 = (1, 0, 0), vˆ3 = (1, 1, 0), vˆ4 = (0, 1, 0), vˆ5 = (1/2, 1/2, 1), (9)
and let T̂1 and T̂2 be the two tetrahedra obtained by splitting K̂ as shown in Figure
1.
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The mapping from K̂ to the physical pyramid K is given as follows:
ΦK(x̂) =
 λ
T̂1
1 v3 + λ
T̂1
2 v1 + λ
T̂1
3 v2 + λ
T̂1
4 v5 − λ
T̂1
1 λ
T̂1
2 vP if x̂ ∈ T̂1
λT̂21 v1 + λ
T̂2
2 v3 + λ
T̂2
3 v4 + λ
T̂2
4 v5 − λ
T̂2
1 λ
T̂2
2 vP if x̂ ∈ T̂2
, (10)
where λT̂ℓ = {λT̂ℓ1 , · · · , λ
T̂ℓ
4 } are the barycentric coordinates of x̂ = (xˆ1, xˆ2, xˆ3) on
the reference tetrahedral T̂ℓ, i.e.,
λT̂11 = xˆ2 −
xˆ3
2
, λT̂12 = 1− xˆ1 −
xˆ3
2
, λT̂13 = xˆ1 − xˆ2, λ
T̂1
4 = xˆ3,
λT̂21 = 1− xˆ2 −
xˆ3
2
, λT̂22 = xˆ1 −
xˆ3
2
, λT̂23 = xˆ2 − xˆ1, λ
T̂2
4 = xˆ3.
The finite elements on the physical pyramid K are defined in terms of those on
the reference pyramid K̂ in the usual way [24]; see (2a)–(2d) in Section 1.
4.2. The THP partition and mesh refinement. A THP partition is a conform-
ing mesh consists of affine tetrahedra, pyramids with bilinear Be´zier patch bases,
and trilinear-mapped hexahedra [1, Definition 2.3].
More generally, we consider a series of THP partitions of a polyhedral domain ob-
tained via uniform refinements of a given initial THP partition where the individual
elements are refined using the rules indicated in Figure 2–4.
34
1
2
3
4
13
12
23
14
24
Figure 2. The original tetrahedral with vertices (1, 2, 3, 4) is di-
vided into 8 tetrahedra with vertices (1, 12, 13, 14), (12, 2, 23, 24),
(13, 23, 3, 34), (14, 24, 34, 4), (14, 12, 13, 24), (13, 12, 23, 24),
(13, 23, 34, 24), (13, 34, 14, 24), where the node at vertex ij is
placed at the centroid of nodes at vertices i and j.
It is clear that a uniform refinement of a THP partition is again a THP partition.
Remark 3. There are three choices of uniform tetrahedral refinements. Instead of
choosing the diagonal edge by connecting the nodes 13 and 24 as shown in Figure 2,
we could connect the nodes 14 and 23, or the nodes 12 and 34. We shall follow [28,
Page 1138] to choose a particular diagonal, which guarantees the non-degeneracy
of the tetrahedra in the series of THP partitions.
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5678
1
2
3
4
5
6
7
8
12
1234
23
34
14
26
2376
37
3487
48
1485
15
1562
0
56
67
78
58
Figure 3. The original hexahedron with vertices
(1, 2, 3, 4, 5, 6, 7, 8) is divided into 8 hexahedra with vertices
(15, 1562, 0, 1485, 5, 56, 5678, 58), (1485, 0, 3487, 48, 58, 5678, 78, 8),
(1562, 26, 2376, 0, 56, 6, 67, 5678), (0, 2376, 37, 3487, 5678, 67, 7, 78),
(1, 12, 1234, 14, 15, 1562, 0, 1485), (14, 1234, 34, 4, 1485, 0, 3487, 48),
(12, 2, 23, 1234, 1562, 26, 2376, 0), (1234, 23, 3, 34, 0, 2376, 37, 3487),
where the new node at vertex ijkℓ is placed at the centroid of
nodes with vertices i, j, k, and ℓ, and the new node at vertex 0
is placed at the centroid of the nodes for all eight vertices of the
original hexahedron.
4.3. The global finite elements. With the finite elements on pyramids in Section
3, we are ready to construct a global lowest-order finite element exact sequence on a
THP partition Th combining with the finite elements on tetrahedra and hexahedra
listed in (2a)–(2d) (and Table 1–4) in Section 1:
Sh,1 ={v ∈ H
1(Ω) : v|K ∈ S(K), ∀K ∈ Th}
Eh,0 ={v ∈ H(curl,Ω) : v|K ∈ E(K), ∀K ∈ Th}
V h,0 ={v ∈ H(div,Ω) : v|K ∈ V (K), ∀K ∈ Th}
Wh,0 ={v ∈ L
2(Ω) : v|K ∈W (K), ∀K ∈ Th}.
We define the global interpolation operators ΠS ,ΠE ,ΠV , and ΠW , restricted
to each element to be the image of the corresponding interpolant defined on the
reference element under the mapping used to define the finite elements on the
physical element in terms of the finite elements on the reference element.
The global finite elements give an exact sequence on the THP partition Th and
satisfy the commuting diagram property.
Theorem 7. (a) The sequence
R
id
−→ Sh,1
∇
−→ Eh,0
∇×
−→ V h,0
∇·
−→Wh,0 −→ 0,
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1
2
3
4
5
12
23
34
14
35
1234
15
25
45
Figure 4. The original pyramid with vertices (1, 2, 3, 4, 5)
is divided into 4 pyramids and 8 tetrahedra with vertices
(1, 12, 1234, 14, 15), (12, 2, 23, 1234, 25), (1234, 23, 3, 34, 35),
(14, 1234, 34, 4, 45), (12, 15, 25, 1234), (23, 35, 25, 1234),
(34, 45, 35, 1234), (14, 45, 15, 1234), (15, 25, 35, 5), (15, 35, 45, 5),
(15, 35, 25, 1234), (15, 45, 35, 1234).
is exact.
(b) The following diagram commutes:
Hr(Ω)
∇
−→ Hr−1(curl,Ω)
∇×
−→ Hr−1(div,Ω)
∇·
−→ Hr−1(Ω)
↓ ΠS ↓ ΠE ↓ ΠV ↓ ΠW
Sh,1
∇
−→ Eh,0
∇×
−→ V h,0
∇·
−→ Wh,0,
where r > 3/2.
4.4. Approximation properties. Optimal approximation properties of the above
global finite elements on affine THP partitions follow directly by summing the local
estimates provided in part (c) of Theorem 6 (and Remark 1). Here we prove
optimal approximation properties, following [20, 30], of the global finite elements
on a series of THP partitions obtained via uniform refinements of an initial coarse
THP partition.
The finite elements on a physical element K (tetrahedron, hexahedron, or pyra-
mid) are defined via proper mappings from the reference element K̂ (reference
tetrahedron (1a), reference hexahedron (1b), or reference pyramid (9)). The affine
tetrahedral mapping is
ΦK(x̂) =
4∑
i=1
viφi, (11a)
where {vi}
4
i=1 are the vertices of the physical tetrahedron, and {φi}
4
i=1 are the
four linear nodal bases on the reference tetrahedron given in Table 1; the trilinear
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hexahedral mapping is
ΦK(x̂) =
8∑
i=1
viφi, (11b)
where {vi}
8
i=1 are the vertices of the physical hexahedron, and {φi}
8
i=1 are the
eight trilinear nodal bases on the reference hexahedron given in Table 1; and the
(composite) pyramidal mapping is given in (10).
We have the following bounds on the derivatives of the mappings on a series of
uniformly refined THP partitions.
Lemma 5. Let {Th}h↓0 be a series of uniformly refined THP partitions of a poly-
hedral domain. Then,
max
i,j∈{1,2,3}
∣∣∣∣ ∂2ΦK∂xˆi∂xˆj
∣∣∣∣
∞,K̂
 h2K
for all element K ∈ Th.
Proof. We consider each type of elements in turn.
When the element K is a tetrahedron, the mapping ΦK is affine, and the in-
equality holds trivially.
When the element K is a pyramid obtained by mapping a reference pyramid
using the piecewise quadratic mapping (10), the second derivative of the mapping
ΦK is a constant in each of the tetrahedra of which it is composed, and moreover,
on each such tetrahedra, we have∣∣∣∣ ∂2ΦK∂xˆi∂xˆj
∣∣∣∣ ≤ |vP |, for all i, j ∈ {1, 2, 3}.
Here vP = v1 − v2 + v3 − v4, and {vi}
4
i=1 are the four vertices for the quadrilateral
base of the pyramid as shown in Figure 1. Hence, in order to prove the bound in
Lemma 5, it suffices to show that |vP |  h
2
K .
We consider two consecutive THP partitions, Th and Th/2, where Th/2 is obtained
from Th via a uniform refinement.
Let Km ∈ Th be a pyramid with vertices (1, 2, 3, 4, 5), and Kc ∈ Th/2 be one of
its four child pramids. Without loss of generality, we take the vertices of Kc to be
(1, 12, 1234, 14, 5) as shown in Figure 4. We have
vP (Kc) = v1 − v12 + v1234 − v14
= v1 −
1
2
(v1 + v2) +
1
4
(v1 + v2 + v3 + v4)−
1
2
(v1 + v4)
=
1
4
(v1 − v2 + v3 − v4) =
1
4
vP (Km).
This means when a pyramid Km is subdivided, the size of each child pyramid is
1/2 that of the mother whereas the quantity vP (Kc) is (1/2)
2 of the corresponding
quantity vP (Km). It follows by induction that |vP |  h
2
K as required.
When the element K is a hexahedron obtained from the trilinear mapping (11b),
each of the second cross derivatives ∂
2 ΦK
∂xˆi∂xˆj
, i 6= j, of the mapping ΦK is a linear
function, and the second derivatives ∂
2 ΦK
∂xˆi∂xˆi
vanish identically. By symmetry, we
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only need to prove the bound for ∂
2 ΦK
∂xˆ1∂xˆ2
. Now,
∂2ΦK
∂xˆ1∂xˆ2
= (v1 − v2 + v3 − v4)(1− x̂3) + (v5 − v6 + v7 − v8)x̂3,
and so, denoting vbotP (K) := v1 − v2 + v3 − v4 and v
top
P (K) := v5 − v6 + v7 − v8, we
have ∣∣∣∣ ∂2ΦK∂xˆ1∂xˆ2
∣∣∣∣ ≤ max{|vbotP |, |vtopP |} .
As before, we consider two consecutive THP partitions, Th and Th/2, and show
that the right hand side of the above inequality decreases (at least) by (1/2)2 as
the mesh size decrease by 1/2. The result then follows by induction.
Let Km ∈ Th be a hexahedron with vertices (1, 2, 3, 4, 5, 6, 7, 8), and Kc ∈ Th/2
be one of its eight child hexahedra. Without loss of generality, we take the vertices
of Kc to be (15, 1562, 0, 1485, 5, 56, 5678, 58) as shown in Figure 3. We have
vbotP (Kc) = v15 − v1562 + v0 − v1485
=
1
2
(v1 + v5)−
1
4
(v1 + v5 + v6 + v2) +
1
8
8∑
i=1
vi −
1
4
(v1 + v4 + v5 + v8)
=
1
8
(v1 − v2 + v3 − v4 + v5 − v6 + v7 − v8)
=
1
8
(
vbotP (Km) + v
top
P (Km)
)
,
vtopP (Kc) = v5 − v56 + v5678 − v58
= v5 −
1
2
(v5 + v6) +
1
4
(v5 + v6 + v7 + v8)−
1
2
(v5 + v8)
=
1
4
vtopP (Km).
This implies that
max
{
|vbotP (Kc)|, |v
top
P (Kc)|
}
≤
1
4
max
{
|vbotP (Km)|, |v
top
P (Km)|
}
.
Hence, we have |vP |  h
2
K as desired. 
The following estimates for the Jacobian matrix and determinant of the mapping
from the reference element to elements in a family of THP partitions will be useful:
Lemma 6. Let {Th}h↓0 be a series of uniformly refined THP partitions. Then,
hK  |FK |0,∞,K̂  hK , h
3
K  |JK |0,∞,K̂  h
3
K , (12a)
and
|FK |1,∞,K̂  h
2
K , |JKF
−1
K |1,∞,K̂  h
3
K , |JK |1,∞,K̂  h
4
K , (12b)
holds for all elements K ∈ Th.
Proof. Lemma 5 means that each hexahedral element in the series of THP partitions
is automatically an h2-parallelepiped in the sense defined in [20, Chapter 3]. Hence,
the proof of Lemma 6 for the hexahedral case can be found in [20, Lemma 3.1]. The
proof for the pyramidal case is similar and omitted, and that for the tetrahedral
case is trivial. 
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The main approximation results of the finite elements are summarized below.
Theorem 8. Let {Th}h↓0 be a series of uniformly refined THP partitions of a
polyhedral domain Ω. Then, the nodal interpolation operators have the following
approximation properties:
(1) If v ∈ H2(Ω), then
‖v −ΠSv‖0  h
2‖v‖2, ‖∇(v −ΠSv)‖0  h‖v‖2,
(2) If v ∈ H1(curl,Ω), then
‖v −ΠEv‖0  h(‖v‖1 + ‖∇×v‖1), ‖∇×(v −ΠEv)‖0  h‖∇×v‖1.
(3) If v ∈ H1(div,Ω), then
‖v −ΠV v‖0  h‖v‖1, ‖∇·(v −ΠV v)‖0  h‖∇·v‖1.
(4) If v ∈ H1(Ω), then
‖v −ΠW v‖0  h‖v‖1.
Here h is the mesh size of the THP partition Th, and all norms are evaluated on
the domain Ω.
Proof. We shall prove the estimates on a single element K, and sum to obtain the
corresponding estimates on the composite mesh.
Let ΦK be the mapping from a reference element K̂ to a physical elementK, and
FK and JK be the corresponding Jacobian matrix and determinant, respectively.
Denote Π̂S , Π̂E , Π̂V , and Π̂W , respectively, be the nodal interpolators for the
H1, H(curl), H(div), and L2 finite elements on the reference element, respectively.
We first prove the estimates in the L2-norm for each of the spaces Sh,1, Eh,0,
V h,0, and Wh,0.
The proof for Sh,1 follows line-by-line from [30, Lemma 1]. For a given function
v ∈ H2(K) on K, we associate the function v̂ ≡ v ◦ ΦK ∈ H
2(K̂). Thanks to
Theorem 6(c) part (1) and Remark 1, there holds
‖v̂ − Π̂S v̂‖K̂  |v̂|2,K̂ ,
and hence, observing the relation ΠSv(x) = Π̂S v̂(x̂) and using the bound for the
determinant JK in (12a), it follows that
‖v −ΠSv‖K  h
3/2
K ‖v −ΠSv‖K̂  h
3/2
K |v̂|2,K̂ .
To estimate the term on the right hand side, we note that
|∇̂2v̂| = |∇̂(FTK∇v)|  |FK |1,∞|∇v|+ |FK |
2
0,∞|∇
2v|  h2K(|∇v|+ |∇
2v|),
where the last inequality follows from the estimates in Lemma 6. This yields
‖v −ΠSv‖K  h
2
K‖v‖2,K .
The proof for Eh,0 follows using a similar argument to the tetrahedral case given
in [24, Theorem 5.41]. For a given v ∈ H1(curl;K) on K, we associate the function
v̂ ≡ FTKv ◦ ΦK ∈ H
1(curl; K̂). By Theorem 6(c) part (2) and Remark 1, we have
‖v̂ − Π̂E v̂‖K̂  |v̂|1,K̂ + |∇̂ × v̂|1,K̂ .
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Hence, using the relation ΠEv(x) = F
−T
K Π̂E v̂(x̂) and using the bound for the
Jacobian FK and determinant JK in (12a), it follows that
‖v −ΠEv‖K  h
1/2
K ‖v̂ − Π̂E v̂‖K̂  h
1/2
K (|v̂|1,K̂ + |∇̂ × v̂|1,K̂).
The term on the right hand side can be estimated by noting that
|∇̂v̂|  |FK |1,∞|v|+ |FK |
2
0,∞|∇v|  h
2
K(|v|+ |∇v|),
and then
|∇̂(∇̂ × v̂)|  |JKF
−1
K |1,∞|∇ × v|+ |JKF
−1
K |0,∞|FK |0,∞|∇(∇× v)|
 h3K(|∇ × v|+ |∇(∇× v)|),
thanks to the relation ∇̂ × v̂ = JKF
−1
K ∇× v. Hence,
‖v −ΠEv‖K  hK(‖v‖1,K + hK‖∇× v‖1,K).
Let us now prove the L2-estimate for V h,0. For a given function v ∈ H
1(div;K)
on K, we associate the function v̂ ≡ JKF
−1
K v ◦ ΦK ∈ H
1(curl; K̂). By Theorem
6(c) part (3) and Remark 1, we have
‖v̂ − Π̂V v̂‖K̂  |v̂|1,K̂ .
Hence, using the relation ΠV v(x) = J
−1
K FKΠ̂V v̂(x̂) and using the bound for the
Jacobian FK and determinant JK in (12a), it follows that
‖v −ΠV v‖K  h
−1/2
K ‖v̂ − Π̂V v̂‖K̂  h
−1/2
K |v̂|1,K̂ .
An estimate of the term on the right hand side follows in the same way as in the
H(curl) case:
|∇̂v̂|  |JKF
−1
K |1,∞|v|+ |JKF
−1
K |0,∞|FK |0,∞|∇v|  h
3
K(|v|+ |∇v|),
so that
‖v −ΠV v‖K  hK‖v‖1,K .
Finally, we prove the L2-estimate for Wh,0. For a given function v ∈ H
1(K) on
K, we associate the function v̂ ≡ JKv ◦ ΦK ∈ H
1(K̂). By Theorem 6(c) part (4)
and Remark 1, we have
‖v̂ − Π̂W v̂‖K̂  |v̂|1,K̂ .
Hence, observing the relation ΠW v(x) = J
−1
K Π̂W v̂(x̂) and using the bound for the
determinant JK in (12a), it follows that
‖v −ΠW v‖K  h
−3/2
K ‖v̂ − Π̂W v̂‖K̂  h
−3/2
K |v̂|1,K̂ .
To estimate the term on the right hand side, we note that
|∇̂v̂|  |JK |1,∞|v|+ |JK |0,∞|FK |0,∞|∇v|  h
4
K(|v|+ |∇v|),
and hence
‖v −ΠW v‖K  hK‖v‖1,K .
It remains to prove the estimates (1)–(4) for the derivatives. In fact, these
estimates are immediate consequence of the commuting diagram property. In par-
ticular, observing ∇ΠS = ΠE∇, there holds
‖∇(v −ΠSv)‖K = ‖∇v −ΠE∇v‖K  hK‖∇v‖1,K ,
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observing ∇×ΠE =ΠV∇×, there holds
‖∇×(v −ΠEv)‖K = ‖∇×v −ΠV (∇×v)‖K  hK‖∇×v‖1,K ,
while observing ∇·ΠV = ΠW∇·, there holds
‖∇·(v −ΠV v)‖K = ‖∇·v −ΠW (∇·v)‖K  hK‖∇·v‖1,K .

5. Conclusion
In this paper, we introduced a set of lowest-order composite finite elements for the
de Rham complex on pyramids. The finite elements are compatible with those for
the lowest-order Raviart-Thomas-Ne´de´lec sequence on tetrahedra and hexahedra,
and, as such, can be used to construct conforming finite element spaces on THP
partitions consisting of tetrahedra, pyramids, and hexahedra. Moreover, the finite
element spaces deliver optimal error estimates on a sequence of successively refined
THP partitions.
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